ON THE GEOMETRY OF THE NODAL LINES OF 
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Abstract. The width of a convex curve in the plane is the minimal 
distance between a pair of parallel supporting lines of the curve. In 
this paper we study the width of nodal lines of eigenfunctions of the 
Laplacian on the standard flat torus. We prove a variety of results 
on the width, some having stronger versions assuming a conjecture of 
Cilleruelo and Granville asserting a uniform bound for the number of 
lattice points on the circle lying in short arcs. 



1. Introduction 

In this paper, we study the geometry of nodal hnes of eigenfunctions of 
the Laplacian on the standard flat torus = 'S? /I?. The eigenvalues of 
the Laplacian on are of the form An'^E, where E = nl + n2 is an integer 
which is a sum of two squares (in the sequel we will abuse notation and refer 
to E as the eigenvalue), the corresponding eigenspace being trigonometric 
polynomials of the form 

(LI) ^{x)= ««e(x-e) 

where we abbreviate e{t) := exp(27rzt). In order for ip to be real- valued, the 
Fourier coefficients must satisfy = a_g. 

Given the eigenfunction if, we may consider its nodal set 

(1.2) AA^ = {(^ = 0} . 

According to Courant's theorem, the complement oi Nip has at most 0{E) 
connected components, the "nodal domains". Their boundary are the "nodal 
lines" . 

For any two-dimensional surface, it is known |Chj that the nodal lines are 
a union of C^-immersed circles, with at most finitely many singular points 
and the nodal lines through a singular point form an equiangular system, see 
Figure [H Thus, with the exception of the singular set, the nodal set of an 
eigenfunction is rectifiable and we can speak about its length. In the real- 
analytic case, such as in our case of the flat torus, Donnelly-Fefferman |D-F] 
showed that the length of the nodal set of an eigenfunction with eigenvalue 
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E = is commensurable to A: 

(1.3) length(A/'^) ^ Ve = X . 
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Figure 1. Nodal lines for the eigenfunction cos(4x — 7y) + 
sin(8x — y) + sin(4x + 7y) (left) and sin(4x + 7y) + sin(4x — 
7y) + sin(8x + y) + sin(8x — y) = 2 sin 4x cos y(— 1 + 2 cos 4x + 
2 cos 2y — 2 cos 4y + 2 cos 6y) (right). 

Our goal in this paper is to better understand the local geometry of nodal 
lines. In this respect, M. Berry argued |Be] that for random plane waves, 
the nodal lines typically have curvature of order E. If one tries to make a 
statement for nodal lines of individual eigenfunctions, say in the case of T^, 
it is clear that 'pointwise curvature' is not the appropriate concept. Indeed, 
nodal lines (for arbitrary large E) may have zero curvature or, as is also 
easily seen, develop arbitrary large pointwise curvature (for a fixed E). 

1.1. The width of nodal lines. In order to formulate an alternative to 
curvature, we first introduce some terminology. 

Definition 1. An arc C C T'^ is called 'regular' if C admits an arc-length 
parametrization 7 : [0,£] — t- C, < £ < 1, which is and such that for 
some n > 0, the curvature \^\ satisfies a pointwise pinching condition 

(1.4) K < ItI < 2k 
and the total curvature is bounded: 

(1.5) 2Ki<l . 

For a convex curve C the width w{C) is defined as the minimal distance 
between a pair of parallel supporting lines of the curve (Figure [2]). In the 
case of regular arcs, we shall see that 

(1.6) w{C)^fK 
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Figure 2. The width of a regular arc 



An examination of numerical plots of some nodal sets (see Figured]) leads 
one to realize that J\f^p does not contain "large" curved arcs, specifically that 
as — )• oo, for regular arcs C C N^p, either their length £ — )• shrinks or 
the curvature pinching k — )• 0. 

We make the following conjecture: 

Conjecture 1. For all e > 0, there is Ce > such that if ip is an eigen- 
function o/T^ of eigenvalue E = \^ and C any regular arc contained inM^, 
then 



(1.7) W{C) < CeX 



-1+e 



This is our substitute for the phenomenon M. Berry pointed out for random 
plane waves. The above conjecture seems to be consistent with numerics 
and we will moreover prove its validity for 'most' eigenvalues E. 
In generality, we prove 

Theorem 1. If C G J\f^ is a regular arc, then 

(1.8) w{C) < CeA~5+^ 

The argument makes crucial use of the structure of lattice points on the 
circle {|^| = A}. Relevant results will be presented in § [2j 

In § [6] we will show that the exponent 1/3 of Theorem [1] can be improved 
to 1/2 for almost all of the nodal line, in the following sense: 

Theorem 2. Given e > 0, there is 6 > such that the following holds. Let 
{Ca} be a collection of disjoint regular arcs of N^p satisfying 

(1.9) w{Ca) > A~5+= for each a. 
Then for A > A(e), 

(1.10) J^length(C,)<A^-'^ 

a 

Recall that length (A/^^) A, by (jl.Sp . so that Theorem [2] asserts that arcs 
of large width form a negligible part of the nodal set. 

As we will see, the exponent ^ in (jl.9|) could be replaced by 1, assuming 
the validity of the Cilleruelo-Granville conjecture |C-G] . stating that for all 
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e > 0, there is a constant such that any arc on a circle {\(,\ = A} of size 
at most A^~^ contains at most Be lattice points (uniformly in A). 

Finally, we also show that Conjecture [T] holds for at least a positive pro- 
portion of the nodal set, in the following sense: 

Theorem 3. There is a constant cq > such that the following holds. Let 
e > 0, A large enough and {Ca} a collection of disjoint regular arcs of 
satisfying 

(1.11) w{Ca) > A-1+" for each a. 
Then 

(1.12) length(AA^\ |J C^) > cqA. 

a 

The proofs of Theorems [2] and [3] make essential use of the results of Don- 
nelly and Fefferman [D-Fj . 

1.2. Total curvature. Another geometric characteristic of nodal lines that 
one can investigate is their total curvature. 

For curves in M.^, if 7 : [0,£] — )■ C is a arc length parametrization 
then the total curvature is 

(1.13) K{C)= ['Ms)\\ds. 

Jo 

When one varies the curve C, the formula (I1.13P is clearly continuous 
in the topology and hence can be used to define the total curvature 
of any continuous curve as the limit of the total curvature of its smooth 
perturbations. However, there is definition of total curvature which makes 
sense for any continuous curve, which starts with defining the total curvature 
of a polygon as the sum of the angles subtended by the prolongation of any 
of its sides and the next one, and then for any continuous curve C setting 

(1.14) K{C) = sup K{P) 

p 

where the supremumQ is over all polygons P inscribed in C. One can show 
that for curves this definition coincides with (I1.13P (see [M]). 

We claim that the total curvature K^p of the nodal set for an eigenfunction 
If with eigenvalue E is bounded by 

(1.16) K^<^E 

Note that there is no lower bound, since the nodal set of the eigenfunction 
sinnx is a union of non-intersecting lines hence has zero total curvature. 



-'^Alternatively one can take 
(1.15) K{C) = \im K{P) 

where the limit is over all polygons P inscribed in C for which the maximal distance 
between adjacent vertices tends to zero; this definition works for curves in arbitrary Rie- 
mannian manifolds ICLI. 
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To prove ()1.16p . it suffices to assume that nodal set is smooth, which is 
easily seen to be a generic condition in the eigenspace on the torus, hence 
a small perturbation in the eigenspace will bring us to that setting and one 
then invokes continuity of the total curvature in the C^-topology. In case 
the nodal set is smooth, one can make the following comment based on the 
fact that J\fip is a semi-algebraic set. First observe that (p in (II. ip may be 
expressed as 

(1.17) Lp{xi,X2) = Qg./j (cos xi)"^ (cos X2)"^ (sin xi)^^ (sin ^2)^^ 

with a, /3 E and ai + 02 + /3i + /32 < \/2A. 

Introducing variables ui = cos xi,U2 = cos X2, it follows that ui,U2 satisfy 
a polynomial equation 

(1.18) P{ui,U2) = 

with P E M[ui, U2] of degree d < cA. According to [R, Theorem 4.1, Propo- 
sition 4.2], assuming {P = 0} is smooth, its total curvatur^ is at most 
const. d? <C E. Since C {P = 0} (in the ui, n2-parametrization), we 
may conclude that (I1.16P holds. 

1.3. Remarks. 

(1) In defining regular arcs, one could make further higher derivative 
assumptions on the parametrization 7 (as we will show with an ex- 
ample in Appendix lAl those do not hold automatically). Involving 
higher derivatives would allow to improve upon the estimate (II. Sp . 
We do not pursue this direction here however partly because Defini- 
tion [1] would have to be replaced by a more technical one and it is 
not clear which version would be the most natural. 

(2) We point out that our estimates for the width are specific to the fiat 
torus. For instance, they are not valid on the sphere S'^. Indeed, the 
standard spherical harmonics l^^m = Pt,m{&)^^^'^ are eigenfunctions 
for which the circles of latitude {Pt^m{G) = 0} are families of regular 
arcs with geodesic curvature bounded away from zero. 

(3) One can easily obtain the analogue of (jl.l6p for the total curvature 
of the nodal sets on the sphere using similar arguments to those on 
the torus. At the time of this writing, it is not clear to us if there is 
an estimate of the type (|1.16p for general real-analytic surfaces, or 
even, more modestly, any explicit bound K^p < K{E) for the total 
curvature. 



Since the total curvature of an arc is the variation of its tangent vector, a bound is 
obtained by integration in s of the number of solutions in u = (mi,U2) of 

d2Piu) + sdiP{u) = 
P(u) = 0. 
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2. Lattice points on circles 

In this section, we collect some facts about lattice points on arcs for later 
use. Let E = }? ^ Z+ and 

s = i?r\{\x\ = A} 

Then \£\ = r2{E) is the number of representations of -E as a sum of two 
squares, which is essentially the number of divisors of E in the ring of Gauss- 
ian integers. In particular one has an upper bound 

(2.1) r2{E) < exp c . ^ < for ah e > . 

log log E 

The next statement is a slight specification of a more general result due 
to Jarnik [J]. 

Lemma 1. Let Po,Pi,P2 £ £ be distinct and |Po ~ -Pil ^ l-Po ~ -f^l- Then 

(2.2) \Po-P2\^.\Po-Pi\>cX 
(here and in the sequel, c, C will denote constants). 

Proof. Po,Pi,P2 belong to an arc C C {|x| = A} of size r and we may 
obviously assume r < \/A. Since Pq, Pi, -P2 are distinct, they span a triangle 
T of area 

'1 Po^ 

det 



< area(T) = - 




4^ 



Hence, from geometric considerations 



^ < area (T) < cy.|Po- A| 



□ 



Lemma 2. Let Po,Pi,QotQi & S be distinct points on an arc of size r. 
Then 

(2.3) \Po - Qq\.\Pi - Qi\.r > c\. 

Proof. We may assume r < j^q A. For a = 0, 1, let 

Pa Qa — AfjC . 

Then (possibly permuting Pq, Qa) 

A2 = \Pa-Qa? = 2Pa.{Pa-Qa) = 2AA„cos(e«-V'«) ~ 2AA„(|+0„-V'a) 



ON THE GEOMETRY OF THE NODAL LINES 



7 



implying that 

i^a = ^ + ea + o(^ 

(2.4) ^ A ' A 

|^o-^i| = |^o-^i|+o(^^^) 
Since the vectors Pq — Qo, Pi — Qi are not parallel, 

\det{Po-Qo,Pi-Qi)\ > 1 

and thus 

(2.5) Ao.Ai.lV^o-V'il > 1 
From dMD ([23]) 

1 < AoAil^o - ^il + 0(A-iAoAi(Ao + Ai)) 

and 

A < 2AoAi|Po - ^il + 0(AoAi(Ao + Ai)) < CrAoAi . 



□ 



Let us also recall the results from Cilleruelo-Cordoba |C-Cj and Cilleruelo- 
Granville |C-G] on the spacing properties of systems {Pi, . . . , Pm} of distinct 
elements of £. 



Lemma 3. f ^CTJ\ . [OG] ) 



n \p-p^\> 

l<i<j<7n 



A 2 ^ 2 > if m is even 



The argument in |C-Cj is arithmetic and based on factorization of = A^ 
in Gaussian primes. The following elegant and much simpler argument was 
given by Ramana [Raj : We identify the standard lattice C with the 
Gaussian integers Z[V— 1] C C. If P denotes the complex conjugate of P, 
then our condition on the lattice points being on one circle says that 

(2.6) PjPj = >^^ j = l,...,m 

Ramana observed that for any 0<A;<m — 1, we have an identity 

m 

(2.7) A^(^+i) n (P,-P,) = n^'-detyfc,m 

l<i<j<m 1=1 
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where 14 m is the foUowing Vandermonde type matrix 



(2i 



( W 



1 

Pi 



P2 



1 

P2 



^ m \ 



Pr 



-k~l 



\Pl 



m—l—k 



P 



m—l—k 



jm—l—k 



To see this, we compute the RHS of (|2.7p by noting that det Vk^m is 
the determinant of the matrix resulting from multiplying the z-th column 
of Vfc,m by P^ , and using (j2.6p one is reduced to computing an ordinary 
Vandermonde determinant, yielding the LHS of (|2.7p . 

Once (|2.7p is established, we take absolute values and noting that | det V^^ml 
1 since it is a nonzero integer , we get 

(2.9) A^^'^+i) W \P, 

l<i<j<m 



> 



P,\ > A 



km 



Taking k = [^J gives Lemma [3l 

Taking m = 2 in Lemma [3l it follows that 



□ 



|Pl-^'2| \P2-Po\>\ 



\P0-Pl\ 

and we are recovering (j2.2p . 

Lemma [3] implies a uniform bound B[e) on the number of elements of £■ 
on an arc C C {|x| = A} of size r < Az"^. More precisely 

Lemma 4 ( |C-Cj ). Let 6{m) = ^^y+2- If C C {|x| = A} is an arc of length 

r < V2A3-'5(™), then #£nC <m. 

Cilleruello and Granville conjectured a uniform bound on the number of 
lattice points on any arc of length A^"*^: 



Conjecture 2. |C-G1 Conjecture 14] Let < e < 1. Then there is some 
> so that the number of lattice points on any arc C C {|x| = A} of 
length r < A^"*^ is at most B^. 

Conjecture [2] is true for most -E = A^ E in fact we have the stronger 
statement that all lattice points on the circle of radius ^fE are well separated. 
To make sense of it, recall that the number of E < N which are a sum of 
two squares is asymptotic to a constant multiple of N/^/[ogN 

Lemma 5. Fix e > 0. Then for all but 0{N^~^/^) integers E < N , one has 

(2.10) min \x - y\ > {■\fEf-^ 

|x|2=|y|2=E 
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Proof. We will say that E < N is "exceptional" if there is a pair of close 
points |xp = |yp = E, < \x — y\ < ^/E ^. Writing z = x — y, we see that 
the number of exceptional ii^'s is bounded by the number of pairs of integer 
vectors x G Z^, 7^ z G with 



(2.11) |xp<iV, 0<|z|<\/^' 
and satisfying 

(2.12) 2x-z = \z\^ 

Writing z = dz' with d > 1 and z' G 1? primitive, we see that the number 
of X < \fN lying on the line (j2.12p is 0{\fN l\z'\) and hence the number of 
exceptional E < N is dominated by 

(2.13) _ 



i<d<v/]v^"' ^'ez2 primitive i<d<^^ ' 

\z'\<{^y-'/d 

which proves our claim. □ 

3. The width of a regular arc 

Recall that the width of a convex curve C is defined as the minimal 
distance between a pair of parallel supporting lines of the curve. We denote 
it by w{C). 

Lemma 6. Let C be a regular arc, that is admitting an arc length parametriza- 
tion 7 : [0,^] — 7- C with curvature pinched by k < \^\ < 2k. and with total 
curvature bounded by 2k£ < 1. Then the width of C is commensurate with 

(3.1) w{C)^fK 

Proof. We may present C as the graph of a function /: 

C = {{x,f{x)) :0<x<L} 

where f{x) > 0, and /(O) = = f{L) (see Figure [3]). 

Note that our assumptions in particular imply that the arc is convex, 
since there are no inflection points (the curvature is nowhere zero) and the 
total curvature is small. Hence /" < 0, and the function / has a unique 
critical point at xq G (0, L) where / is maximal. 

We now note that the assumption of total curvature being at most 1 
implies a bound for the derivative of /: 

\nx)\<2 

Indeed, /'(x) = tan0(x) where 6{x) is the angle between the tangent vector 
to the arc at (x,/(x)) and the x-axis. At the point xq we have ^(xq) = 
and the total variation of 6 is just the total curvature which is at most 1. 
Hence \f{9)\ < tanl< 2. 
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Figure 3. Computing the width of a regular arc 



The curvature at the point (x,/(x)) is 

\f"{^)\ 



k{x) 



(1 + /'(x)2)3/2 

Since |/'| < 1, the second derivative /" and the curvature k{x) are commen- 
surable and so |/"(x)| is commensurate with k: 

(3.2) \f"{x)\^n 

We claim that the width of C is the value of / at the critical point xq: 

(3.3) w{C) = fixo) 

To see this, note that the supporting line Li(t) of C at the point {t,f{t)) 
for < t < L is the tangent line 

L,it):y = f'it)x + f{t)-tf'it) 

At t = xq this is the line y = f{xo) and the other supporting line ^2(2^0) of 
C parallel to it is the x-axis y = 0, and /(xq) is the distance between these 
two lines. For < t < xq the other supporting line L2{t) parallel to Li{t) 
goes through the end point (L, 0) of the arc, with equation 

L2{t) :y = f'{t){x-L), < t < xq 
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while for xq < t < L, the hne L2{t) passes through the origin (0,0) with 
equation 

L2{t) ■ y = f'it)x, xo<t<L 
Hence the distance between Li{t) and L2{t) is 

\/l+7W \/(t)-«/'(t), x„<t<L 

Since \f'{t)\ < 2, this shows that 

(3.5) d{t) ^ g{t) 
and it suffices to show that 

g{t) > g{xo) = f{xo) 

If < t < .To then g'(t) = {L — t)f"{t) < so y is decreasing and so 
g{t) > g{xo) = /(xo), while ii xq < t < L then g'{t) = -tf"{t) > so 5 is 
increasing and so g{t) > g{xo) = f{xo). 

Having established that w(C) « f{xo), it remains to show that 

/(xo) ~ lif 

Assuming say that xq < L/2, we expand / in a Taylor series around the 
endpoint x = L further from xq, finding 

(3.6) = /(L) = /(xo) + f'{xo){L - xo) + lf"{y){L - xof 

for some xq < y < L. Using f{L) = 0, f'{xo) = and /" < 0, \ f"\ Ri k and 
L/2 < L — Xo < L we get 

fixo) = -\ny)iL-xof^KL' 
Now note that L « £ because 

i= f + f'{tydt e [L, 3L] 
Jo 

using |/'(a;)| < 2. Hence f{xo) ~ k£'^ as claimed. □ 

4. Local estimates on the width 

4.1. Fourier transforms of arcs. We establish some bounds on the Fourier 

transform of measures supported by "regular" arcs. 

Let 7 : [0,i] — > C be an arc-length parameterization of the regular arc 
C, so that I7I = 1, and k < I7I < 2k. Note that if ^ G M^, |^| = 1 and 
< p < |g, then 

(4.1) I^ = {teI:\C-m<P} 

is an interval of size at most 0{p/k). 
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Indeed, the length of can be computed as 

du 



(4.2) dt- , 

one using the change of variable u = ^ • 7(t). Denoting by 0(t) the angle 
between ^ and the unit tangent ■j{t) to the curve, so that by assumption 
I cos 9{t)\ = 1^ • 7(t)| < p, we have on noting that 7 is the normal vector to 
the curve, that 

(4.3) 

and hence 



(4.4) 

since p < Ik/W < 1/10 



|^7(^)l = l7(^)l|sin0(^)|>«^/^^ 

length/^ < 



2p p 
7== < - 



Lemma 7. Let ^ G M^\{0} and assume 



(4.5) 
Let oj 
(4.6) 
Then 
(4.7) 



^•7(t)| >pfor aUt€[0,£] . 
suppw C [0,^] satisfy 

ijj = 1 and I Iw'l < 



z{i ■ ^{t))u{t)dt 



< 



C / 1 K 



(where c denotes various constants). 
Proof. A change of variables u = E, ■ jit) gives 

d I oj{t) 



',{^ ■ j{t))u{t)dt 



<^/m*)I + 



< 



dt 



U}{t) < 



dt < 



+ 



le -7(^)1 le-7(i)P J 



□ 



from the assumptions. 

Fix E eZ+ (large), A = and let £ = Z'^n{\x\ = A}. Fix < cq < ygg 
and take p = cok£/\£\'^. We let ^ run over all vectors = ||^~|^| , ^1 7^ ^2 
in £. Excluding the corresponding subintervals of (14. ip from I, of length 
< cq£\£\~'^, we obtain 

Lemma 8. There is a collection of at most \£\'^ disjoint sub-intervals Ir C I 
with the following properties: 

(4.8) \Ir\ > co\£\-'^£ 

(4.9) ^|/,| > (l-2co)£ 
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(4.10) 
Let uj : 
(4.11) 



i{t) 



6-6 



16 - 6 



> CO' 



W 



for 7^ ^2 in £ and t £ I 



-, suppw C It satisfy 
UJ = \ and 



Then for all 6 7^ 6 



(4.12) 



iiil - i2) ■ l{t))i0{t)dt 



< 

~ ^2 



1 



4u:{C) 16-6 



where uj{C) = I'^k is the width of C . 

The estimate (|4.12p follows indeed from (j4.7p and the above choice of p. 

Returning to Theorem [U we simply replace I by some Ir and C by Cr = 
'^{It)- Redefining i = |/t-|, we have for all 6 7^ 6 £ ^ the estimate 

(4.13) ! ef(6-6)-7(t))c^(t)dt < 
if w : If 

(4.14) I uj = l, I \uj\ 



((6-6)-7W)^(i)di 
suppo; C / satisfies 



^(C)|6-6 



< _ 



4.2. The exponent 1/6. As a warm-up, we show how to prove Conjectured] 
for almost all energies E and how to obtain a weaker version of Theorem [1] 
with the exponent 1/6 instead of 1/3. 
Consider the Fourier expansion of ip: 



(4.15) 



Since the Fourier coefficients of f satisfy X^^efl^lOP = llvlli; '^^ have 
1^(01 — llv'lb for all ^ G and hence there is some 6 for which 



1^(6)1 > 

Replacing if by ip/(p{^Q), we may thus assume 
(4.16) ^(6) = 1, ||9'||2<v1^ 



and in particular |^(^)| <C A*^ for all e > 0. 

Assume C C M^. Since Lp{^{t)) = 0, we obtain for any weight function 
as in Lemma [7] that 



(4.17) 



UJ 



v{l{t))e{-io--f{t))uj{t)dt 
l + Y^m j^e{{i-io)-l{t))uj{t)dt 
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By Jarnik, there is at most one frequency .^i 7^ ^0 at distance <^ A^^^ from ^o- 
For all other frequencies we use I^ri2\i together with < \£\ < A" 

to get 

(4.18) 1 + ^(6) /e((6 -Co) •7(t))^Wdi«- E « 

We may now show that Conjecture [T] holds for almost all E. First choose 
E = satisfying ()2.10p . Then ^1 does not exist and 1^^ — ^o| > for 
i / ^0, hence ([il^ gives 1 <C \~^+^/w, that is -u; < A"l+^ 

Returning to the case of general E, if there is no such ^1, that is if ^0 
is at distance at least A^/^ from all other frequencies, then (j4.18p implies 
w <C A-^/3+e_ 

Otherwise, that is if there is a neighbour ^1, we proceed as follows: Start 
by performing a rotation T of the plane as to insure 

(4.19) r(e,_^o) = (|ei-eo|,0)GM2. 
Denoting T7 again by 7 = (71,72), we obtain from ()4.18p that 

(4.20) 1 + ^(^i) / e((|ei - io\li{t))i^{t)dt « ^ 



w 



Next we specify Writing 7(5) = e^^^' , we have d{s) ~ k (or — k, which 
is similar) and 



7i(s) = -{sme{s))e{s) ~ -Vl-7i(s)2«- 

Therefore there is a suitable restriction of s G Ii C /, 
p > k£ (recall that k£ < 1) such that 



and some 



(4.21) 



|7i(s) - p\<ckI<-^ for s G /i. 



Let So G A be the center of Ii . Define 

7i('S)r/(7i('S) -7i(so)) 



(4.22) 



u:{s) 



where is a bump-function of the form r]{x) = ijoifi) ^ith % > 0, / ryo = 1 



(see Figure (H) , chosen as to ensure that supp u C h (we use (j4.2ip here) . 




Figure 4. The bump function r]o{t) 
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Also 



<uj <-„, I uj = 1 



and 

K 1^1 



I I ^ ^ T ^ ^ ^ 
and (fili]) holds. 

With the choice (j4.22p and change of variable u = 71 (s) — 71 (so); one 
obtains in (j08|) 

(4.23) 

'(16 - i^\l\Kt))i^iyjdt = e(|6 -mW^)) — 



- ^o|7i('So))^ / - i'd\u)ri{u)du 



f rj{u)du 

pi ^ ' 

= e(|6 - eo|7i(so)) j e(p£|6 - ia\t)m{t)dt 
since r/o(t) = r]{pit). Thus we find 

\-l/3+e 

(4.24) i + e(|ei-^o|7i(so))6« 

where 

(4.25) b = m{\Ci-Co\p£m^i) 
satisfies \b\ ^ A^. 

Note that our choice of sq G Ii allows moving sq within an interval I2 C Ii 
of size II2I = 1 1^1 1 ~ ^. Since 71 (^2) contains an interval of size at least 
^ pi > w, it follows that 

(4.26) max 1 + 6e(|^i - ^o|7i('So)) > max l + be{u) 



S0G/2 



where [/ C M is some interval of size ~ |^i — S,o\w. Then we have 

(4.27) (j426D > ^min(l,u;|6-Co|) 

Indeed, if |5| > 3/2 or |6| < 1/2 then |1 + 66(^)1 > 1/2, while if 1/2 < |6| < 
3/2 then we can bound 

max |1 + be{u)\ > \b\ max | sinn| > — 

Thus we find 

(4.28) min(l,t/;|ei-eo|)< 

w 

If the minimum is 1, we get w ^ A^^^'^^'^. Otherwise (taking into account 
16 -?o| > 1) we get 
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4.3. Proof of Theorem [1]. Fix some £,0 ^ ^ and enumerate = Ci; • • • 
such that 

(4.29) < 
Write 

(4.30) vp(x) = ^c,e(x-ei). 

j 

Let l<r<^Abea parameter and take J G Z+ with 

(4.31) \Co-U<r, |eo-0+i|>r. 

Assume C C Mip. Then since (/9(7(t)) = 0, we obtain for any weight 
function uj as in Lemma [7] that 



(4.32) 

= Co 



^{l(.t))e{-£o-l{t))uj{t)dt 
+ Yl / ^((^J- - • 7(i))^(t)f^t 



(4-33) +0f-E^^ 
Perform a rotation T of the plane as to insure 

(4.34) T(o-eo) = (6,o), ej = iej-eoi 

and denote 

(4.35) T(e,-eo) = (c;-,cj)GM2. 

Clearly 

(4.36) j<j 
and 

(4.37) icjl <2^|^,-eo|. 
Denoting T7 again by 7 = (71,72), we easily obtain 

(4.38) = C0+ [ j e{i'pi{t))uj{t)dt 

(4.39) + 0(^ I^il l^^ -^ol). 

0<i<J 

Next we specify w as in § 14. 2^ by picking a subinterval Ii C / 
such that 

(4.40) |7i(s) -p\<CKi<^ for s G h. 
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for some p ^ kI (recall that k£ < 1). Let sq £ Ii be the center of /i. Define 

ii{s)r]{li{s) - 7i(so)) 



(4.41) 



u:{s) 



//i7i(s)??(7i(s) -li{so))ds 

where t/ is a bump-function of the form rj{x) = ^o(^) with rjo > 0, J r]Q = 1, 
chosen as to ensure that supp u) C h (we use (I4.40p here) . Also 



OJ = 1 



and 



/ 



uj \ <~ — — < — 



and (j4T4]l holds. 

With the choice (I4.4ip and change of variable u = 71 (s) — 71 (so), one 
obtains in (f438]l 



ic^j^{t))u.m = e(g- 71(^0)) ^ y;^;^^^; 



(4.42) 



'(?j7i(so))^ J e{^ju)r]{u)du 



since r/o(t) = ri{pit). 
Therefore 



| (02]) | < A^i°° unless \^'\ < 

pi 



Hence, in ()i38]) 



(4.43) 



e(Cj-7i(t))w(t)(it < A"^°° unless l^jl < 



wiC) 



and from (032]), (11:33]) 



(4.44) 



Co + 



E 



o<ie.-?oi<4r 



where 

(4.45) c;. = e(C;.7i(so))c,. 

Arguing by contradiction, assume 



(4.46) 



w{C) > A-3 



hSe 



Since |.^2 — Col ^ the restriction < \^j — ■^ol < — excludes all terms, 
except possibly j = l- Hence, either 

(4.47) |co| < g33]) + (l439]) + A"^°° 
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or 



(4.48) 



Co + Ci 



If ()4.48p . we argue as follows. Recall (|4.45p and note that our choice of 
So G h allows moving sq within an interval I2 C /i of size II2I = ^\Ii\ ~ ^■ 
Since 71(12) contains an interval of size at least ^ pi ^ w, it follows that 



(4.49) 



max 



max 



co + cie(Chi(so)) / e{pieit)Mt)dt 



> 



co + cie{u) e{p£Cit)(po{t)dt 



where [7 C M is some interval of size ~ |Cil^ = iCi ~ '?o|^- Clearly 
(4.50) (nasi) >cmin(l,7i;|ei-Col)|co|. 



In summary, we proved that 
(4.51) min(l,u;|6 -CoDlcol < + + ^'^'^^ ■ 

Taking r = |Co — Ol in (|4.5ip gives 

Lemma 9. Fix S^q £ £ and enumerate £ = {^j} according to (|4.29p . As- 
sunning w{C) > A~3'''^^, for J > 1, one has the bound 
min(l,w;|^i - Co|)|co| < 

o{^(ENi.-.i).^(E^)}^ 



^-100 

111 \ ^ - ) 

0<j<J 

This is our main estimate. 

We apply ()4.52p with J = 1 and J = 2, obtaining the inequalities 
(4.53) 
and 



min(l, ^i;|ei - CoDlcol < - + X''''' 



w 16 -Col 

16-61 16-61 , 



(4.54) min(l,^|6-6l)|co|<c '- ^''^ ^ +A-^oo_ 

A "^,^16 -61 



Start by taking 6 £ such that |co| > <^Ji/2 normalize \\(t)\\2 = !)• 
From (ji33]) 



w < — — + 



16-61 (1^1 1^2-61)5 

and by (|4.46p . since |6 - 61 ^ A^/^, it follows 



(4.55) 



2e 



16-61 16-61 <^< A 
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From (gS]), (g35]l . either 

w < — — + A"^°° < A"3+^ (contradicting KiEh ) 

l?3 - ?o| 

or 

\ „, A _ t„ V Z-^ 



A -^o| - Col 

and therefore 

(4.56) w'^ < — T-j-T7 T-r for some j > 3. 

I?i - 4o| |?i - ?o| 

Next, we apply (j4.53p replacing by Enumerate 

£ = {^j,k;k = o,l,...} 

where ^j^o = and 

(4.57) |^^._^^.,|<|^^._^^.,^,|. 
We obtain 

min(l,^|e,,i - ^j\)\cj\ < ^ ^ + A-i°o 



and 



A" A^ 



(4.58) \cj\ < " + -— — + A-i°. 

Substituting (14.580 in ()4.56p . it follows that either 

(4.59) < 



16 -Col ie,-eoi \Cj,2-Cj\ 

or 

^ 16 -Col ie,-eoi 10,1-01 e,,2-eir 

Note that obviously - 10,2 - 01 ^ max(|0 - Col, 10 - 01)- 

We distinguish two cases 
Case 1. 0,1 ^{eo,0}- 

The points Co)0;0)0>i distinct elements of S on an arc of size 
r < 8|0 — Col- Lemma [2] implies that 

(4.61) 10 -Col 10,1-01 10 - Col > A 

and therefore (I4.59P < A^"\ (|4.60p < A^~^/^, a contradiction. 

Case 2. 0,i G {Co,0}- 

Since |0 - Col < ]^A3 by (|4.55p . it follows that 

10 - 0-,2| > 10 - OmI > 10 - Col - 10 - Col > JlO - Col- 
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Hence 

(4-62) mB < I, , , ,2 < I, , , ,2 < 

l?i - ?o| |?j - ?or l?i - ?ol l?2 - ?or 

by Lemma [U and 

(4.63) mOi) < Yc TTT, < ^'^^ 

which is again a contradiction. This completes the proof of Theorem [TJ □ 

Note that (|4.62|) . (|4.63|) could be saturated, since S,o £,2 i^z could lie on 
an arc of size ~ A^/^; cf [C-G2j for a discussion of this phenomenon. 

5. Local length estimates and the Donnelly-Fefferman 

doubling exponent 

5.1. The doubling exponent for the torus. We will apply the results 
from [D-Fj in the particular setting M = T^. An additional ingredient is an 
estimate on the doubling exponent 

(5.1 /3(^ =maxlog( — 

B Vmaxi^|(/?|, 

where S C M is an arbitrary disc and denotes the disc with same center 
and half radius. 

As shown in |D-Fj . assuming M is C°°-smooth and —A(p = Eip, E = }?, 
one has a general bound 

(5.2) < CmX- 

It turns out that for M = T^, (|5.2p can be considerably improved. 
Lemma 10. For M = T^, -Aip = X'^ip and £ = r\ {\x\ = A}, one has 

(5.3) /3((^)<C7|£:|<expc-i^ 

log log A 

(taking A > 10 say). 

Based on (j5.3p . some of the statements in |D-Fj may then be strengthened 
in the situation M = T^. 

Lemma [To] is a consequence of a general principle, an extension of Turan's 
lemma, for which we refer to Nazarov [N] : 

Lemma 11. Let f{t) = Y.'j=i <^M^jt)^'t ^ ^, where 6 < 6 < • • • < O G I^- 

Let L be an interval and $7 C / a measurable subset. Then 

(5.4) sup|/(t)| > (MY~\np\f{t)\. 

ten ^ rK tei 

A simple argument based on one-dimensional sections allows one to de- 
duce a multivariate version of Lemma [TT] (see e.g. |F-M] ): 
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Lemma 12. Let f{x) = Y.j=i aj^i^j -oc), x £ M" and ^i, • • • ,0 G be 
distinct frequencies. Let L C M" be a cube and 17 C / a measurable subset. 
Then (ISTill holds. 



Applying Lemma [12] to f = f with J < it follows that 
(5.5) max^ ^ ^[#,] 



maxi^ \ ip\ 



for all discs 5 C and (USD follows 



The following upper bound on the length of the nodal set lying in sets of 
size J can be deducecH from \T)-F\ Proposition 6.7]: 

Lemma 13. For any disc Bi C T2 of size T, 

length(AA^ nBi)< C[#£]\ <. X"-^ 

We will also need the lower bound [D-Fj . §7. 

Lemma 14. There are constants a > 0, c > so that if we partition 
into squares of size j , 

(5.6) T^ = \jQ. 

V 

then 

(5.7) length(A/'^ n Qy) > cA"^ 

holds for at least half of the Qy 's. 

Let us point out that both Lemmas 1131 and [T4l use methods from analytic 
function theory and hence require M to be real analytic. 

We derive one more consequence of Lemma [12] and Lemma [4] 
Lemma 15. Let tp = X^^g^/ ^/'(^)e(x ■ (a complex trigonometric polyno- 
mial) where £' <Z £ = £\ is contained in an arc of size A2~°",cr > 0. Let 
17 C be a measurable set. Then 



(5.8) sup|V'(x)| > (c|17|)< 

Note that if Conjecture [2] were true, one could conclude that in the pre- 
vious setting 

(5.9) sup|V'(x)| > (c|Q|)^('')| 
if £' is contained in an arc of size A^~'^, cr > 0. 



3 Proposition 6.7 of gives an upper bound on the length of the nodal set in terms 

of the doubling property for a complex ball, at the scale of 1/A. To relate this to the 
doubling exponent /3 of (|5.ip . one uses a hypo-elliptic estimate [D-Fl bottom of page 180] 
to relate the supremum over a complex ball to that over real balls. Then one can invoke 
Lemma [TOl to bound /3. 
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5.2. A Jensen type inequality. In the spirit of (15.80 . ()5.9p . one can show 
that eigenfunctions of can not be too small on large subsets of T^, as a 
consequence of the following Jensen type inequality. 

Lemma 16. If if is an eigenfunction ofT"^, then 
(5.10) / log > max(log 1(^(^)1). 

This property generalizes to eigenfunctions on higher dimensional tori 
with the same argument. 

Proof. Let Aip = —X^Lp and = ^(^^(^ " 0- Fix £ |?o| = A 

and consider 

^{x + i^e) = (?(eo)e(x • eo)e(|6|20) + ^ ^(e)e(x • ' ^ 

as a polynomial in G T. Since ^ • ^ C ' ?o < l^oP for ^ 7^ an 
application of Jensen's inequality to f{9) = ip{x + Co^)e(— |CoP^) with fixed 
X, gives 



log\^{x + ^o^)|(i0 > y log \f{e)\d9 > log |(?(eo)| . 

Integration in x G implies 

log\f{x)\dx > log|^(Co)| 

proving (IS.lOj) . □ 

If we assume ||<^||2 = 1, then certainly ||<^||oo > li^l"^- Hence, given any 
subset Q of , Lemma [16] implies 



(5.11) [log\ip\>[ logical-/ log+|(/p| >-log|£:|-l» 
Jn Jt2 



log A 
log log A 



6. Proof of Theorems [2] and [3] 

Given the eigenfunction ip, —Aip = X^f, let {Ca} be a collection of disjoint 
regular sub- arcs of the nodal set M^p, of width 

(6.1) u;(C7„) > A-^ 
where p < 1 (we specify p later on). Define 

(6.2) AAo:=|JC« 

a 

Our goal is to give an upper bound for the length of A/q. 
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For each C^, perform the construction from Lemma El taking cq > a 
small constant, to be specified. This gives a cohection {Ca,r} of sub-arcs of 
Cq, satisfying in particular 

(6.3) ^\Ca,r\ > {I - 2co)\Ca\ 

T 

(6.4) / e{{i,-i2)-x)-— < iL_^iei-e2r^«A^+^iei-e2r^ 

for all ^1 7^ ^2- Here ds stands for the arc-length measure on C^; e > is 
arbitrarily small. We get a subset Mi C A/q defined by 

(6.5) M:=UUC«,,. 

Using ()6.3p and the Donnelly-Fefferman upper bound (jl.Sp we see that 

(6.6) length(AAo\M) < 2co ^ |C„| < 2co length(AA^) < cqA 

a 

Fix /9</9i=/5 + 35<l and introduce a partition 

(6.7) £ = \j£p 

p 

of the lattice points £^ = n {|^| = A}, satisfying 

(6.8) disi{8p,8p,) > for /3 / /3' 

(6.9) diam-S/j < A''i+^ for each (3. 

The construction is straightforward: If we introduce a graph on iS, defining 
^ ~ if 1^— '?'| < A''^ , its connected components £p are obviously of diameter 
at most A^i • < A^i+^ and ([SSD holds. 

Let 

'^ = ^'^13, ll¥'l|2 = l 
be the corresponding decomposition of our eigenfunction ip. Thus supp (^p C 
£r. For each a, r we have by (|6.4p 



(6.10) 0= / |^(x)p = ^ f Iv^^p 



and (j6.8p implies the bound \''~'^^^'^\Ca,T\ on the last term of (|6.10p . Sum- 
ming (|6.10p over all a, r gives 
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Since ll'/^/slli = 1) one can specify some /3 such that \\(pi3\\ > 
and hence 

has \\ip\\2 = 1 and satisfies 



(6.12) / IV-P < x^+P~P'+'. 
and 

V' = 5] ^(e)e(x • 

with 8' = <Z £ contained in an arc of size r < A''^^'^. 
Now define 

(6.13) M' ■.= {xeM,\ilj{x)\<\-^], M[:=MiV\M' 
(recah 5 = l^). It fohows from (l6T^ that 

(6.14) length(AAi\AAO < A^-^+^ 
Consider a partition of in squares of size and let 

a= IJ C 

We wish to bound the area 

First, observe that in general for x,y G 

\^{x) - ^{y)\ < ||V'||i[diam(suppV')]|a; - y\ 

and hence 

(6.15) sup mx)\-\^{y)\\<\£'\hrX-^ <\-'-^. 
It follows that 

(6.16) sup 1-01 < A^-^ + A"^ 

n 

6.1. Proof of Theorem [2] (p < Let p = ^ — 56, pi = ^ — 25 for some 
(5 > 0, so that 

(6.17) r < A5-^ 
and 

sup IV'I < A"^ 
n 

From (jS.Sp and the preceding 
implying 

(6.18) |!^| < A"^'. 
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Thus contains at most A^^"^^ boxes Qy, and Lemma [T3l implies 

(6.19) length(AA') = ^ length (AA n Q^) < A^-'^'+^ < A^"^ 

for A large enough. Thus 

(6.20) length (TVi )< A^"^. 
Using (j6.14p . we therefore get 

(6.21) length(A/'i) < A^"3 

and since length(7Vo\7Vi) < ^ length(7Vo), if we take cq <\m (j6.6p . we get 

(6.22) length (AAo) < 2A^~t . 

This proves Theorem [21 □ 

As pointed out earlier, the validity of Conjecture [2] would allow to replace 
the restriction p < ^ by p < 1. 

6.2. Proof of Theorem [3] (p < 1). For general p < 1, write p = 1 — 55, 
take pi = p + 35 = 1 — 2(5, and apply (jS.lip to bound getting 

log A 



.23) -6{\og\m> 

log log A 
that is 

(6.24) < 



log log A 

and hence in this case from (j6.24p and Lemma [HI we clearly get 
(6.25) length(A/'^\AA') = ^ length (A/"^ n Q^) > ci A 

where ci is some absolute constant. Hence, from (|6.6p . (|6.14p . ()6.25p 
length(AA^\AAo) > length (AA^\AAi') - length(AAo\M) - length (AAi\AA{) 



> ciA - coA - A^-'^+^ > -ciA 
if we choose cq small enough. This proves Theorem [3J □ 

Appendix A. Higher order regularity - An example 

The purpose of what follows is to show that 'regular arcs' need not satisfy 
higher order smoothness bounds, even for k small. 

Consider the eigenfunction 

(A.l) (p(x, y) = sin{ky + x) + e sm{ky — x) + 5 sin(y + kx) 

with eigenvalue E = 1 + /c^, where 

s = 10-1° and 5 = IQ-^'^k-^ 



1 
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We restrict x G / = — f + [—10^^, 10^^] and consider the curve C C {99 = 0} 
parameterized hy y = y{x),x G /, such that 

(A.2) \ky{x)+x\=0{e). 

Evaluate y', y", y'" 

cos{ky + x){ky' + 1) + £COs{ky — x){ky' — 1) + 6cos{y + kx){y' + A;) = 

,^ cosjky + x) - e cos{ky - x) + 6k cos{y + kx) ^ ^\o(^\s) 
^ k[cos{ky + x) + e cos{ky — x)] + S cos{y + kx) k \k ) 

and 

[kcos{ky + x) + kecos{ky — x) + dcos{y + kx)]y" = 

sm{ky + x){ky' + 1)^ + £sin(A;y — x){ky' — 1)^+5 sin(y + kx){y' + A;)^ = 
(since = 0) 

£sin(fey - x)[{ky' - if - [ky' + 1)^] + <5sin(y + kx)[{y' + kf - {ky' + l)^] 

= — 4/c£ sin(A;j/ — x)y' — 6{k'^ — l)sin(j/ + kx)[{y'f — l) 
and 

^„ ^ -4ke{sm 2x + 0(e)) (i + 0(f)) + 0((5P) 



A;(l + 0(£ + f)) 



4£ 



= -^sin2x + o(^ + 

4£ 

from the choice of e, 6 and /. 

Thus C is convex with curvature ~ |. 
Next, from the preceding 

k{l + 0{s))y"' + 0(A;£|/|) = 0(A;£|y'| + ke\y"\ + k^S\y'\ \y"\)+ 

5{k^ - 1) (1 - {y'f) {k + y') cos{y + kx) 

and 

(1 + 0(e)) = dik^ - 1) cos(y + kx) + + 5^ = 5k^ coskx + o(^^) 
where dk'^ = 10"^'^°. It follows that ||y^*''^||oo ~ k for large A;. 
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